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Abstrat
For a Kähler manifold X, we study a spae of test funtions W
∗
whih is a
omplex version of W
1,2
. We prove for W
∗
the lassial results of the theory of
Dirihlet spaes: the funtions in W
∗
are dened up to a pluripolar set and the
funtional apaity assoiated to W
∗
tests the pluripolar sets. This funtional
apaity is a Choquet apaity.
The spae W
∗
is not reexive and the smooth funtions are not dense in it for
the strong topology. So the lassial tools of potential theory do not apply here.
We use instead pluripotential theory and Dirihlet spaes assoiated to a urrent.
MSC: 32U20, 32Q15, 32U40, 46E35
Keywords: Sobolev spa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1 Introdution
The theory of Dirihlet spaes has been developped in the 1960's as a powerful tool
in potential theory (see e.g [Den65℄). Its developments led to the theory of funtional
apaity for the Sobolev spaes and to the theory of pointwise value for funtions in
W k,p (see [FZ73℄, [Zie89℄ and [AH96℄). Those topis are useful in funtional analysis,
PDE and dynamis. In omplex analysis in several variables, the work of Bedford and
Taylor ([BT82℄) is a non-linear generalization of the Newtonian apaity in potential
theory where the Laplaian is replaed by the Monge-Ampère operator (ddc)k and
the subharmoni funtions by the plurisubharmoni funtions (psh for short). Sine
then, the Bedford-Taylor apaity has been greatly used and studied. Capaities have
beome a lassial tool in omplex analysis and dynamis in several variables. Several
apaities have been introdued sine then (see [SW80℄, [Ale81℄, [DS06b℄ and [GZ05℄).
Still, none of those apaities are "funtional apaities" as in [FZ73℄. The main pur-
pose of this artile is to introdue suh a apaity for ompat Kähler manifolds.
For that, we present here a omplex Sobolev spae W ∗ introdued by Dinh-Sibony
in [DS06a℄. Their purpose was to give a new proof of the deay of orrelations for the
dynamis of meromorphi maps. Let X be a Kähler manifold and ω a Kähler form
on X . The spae W ∗ is the subspae of W 1,2 of funtions ϕ suh that there exists a
positive losed urrent of nite mass Tϕ satisfying:
i∂ϕ ∧ ∂¯ϕ ≤ Tϕ,
1
and we dene on W ∗ the norm:
‖ϕ‖2∗ = ‖ϕ‖2L2 + inf
{
m(T )|T losed, satisfying i∂ϕ ∧ ∂¯ϕ ≤ T
}
,
where m(T ) :=
∫
X
T ∧ ωk−1. This denition seems more tted to the omplex ase
beause it is independent of holomorphi hange of oordinates. Our purpose in this
artile is to adapt the theory of Dirihlet spaes to the spae W ∗. In partiular
we want to show that the spae W ∗ haraterizes pluripolar sets just like the spae
W 1,2 haraterizes polar sets. Namely, we show that funtions in W ∗, a priori dened
almost everywhere, an in fat be dened up to a pluripolar set, and that the funtional
apaity C assoiated to W ∗ dened for a Borel set E by:
C(E) = inf
{
‖ϕ‖2∗, ϕ ≤ −1 a.e on some neighborhood of E, ϕ ≤ 0 on X
}
satises C(E) = 0 if and only if E is pluripolar. On the other hand, they are some
main dierenes with the lassial ase: smooth funtions are not dense for the strong
topology in W ∗, and we will see in orollary 2.8, that the spae W ∗ is not reexive.
So all the lassial proofs in the theory of funtional apaities fail and we will need to
use other tools, espeially pluripotential theory, Bedford-Taylor apaity and Dirihlet
spaes assoiated to a urrent (see [Oka82℄).
The spae W ∗ appears as a spae of test funtions suited to omplex analysis and
dynamis: it is in a way very similar to W 1,2(Σ) where Σ is a Riemann surfae, so we
will stress on the similarities. Let us now detail the struure of the artile.
In setion 2, we study the basi properties of the spae W ∗ in both the loal and
ompat ase. In partiular, we show that it is a Banah spae and we introdue a
notion of weak onvergene for whih ompatness results hold. Then we show that
the elements of W ∗ are in BMO, so they are in Lp for all p < +∞. We give examples
showing that the elements ofW ∗ are not in VMO in general, that smooth funtions are
not dense in W ∗ for the strong topology and that W ∗ is not reexive. We onlude by
a theorem of weak density of smooth funtions in W ∗ for a ompat Kähler manifold.
We onsider the loal situation in setion 3. We prove two of our main results: the
funtions in W ∗ are in the Dirihlet spaes assoiated to some positive losed urrents
and are quasi-ontinuous for the Bedford-Taylor apaity. This allows us to dene for
eah funtion in W ∗ a value at every point outside a pluripolar set. In fat, funtions
in W ∗ are pluri-nely ontinuous outside a pluripolar set, whih leads to interesting
properties for the size of their Lebesgue set.
In setion 4, we onsider the ase where X is a ompat Kähler manifold. We
develop the study of the funtional apaity C for W ∗ for whih pluripolar sets are
the sets of zero apaity. We show that it denes a Choquet apaity. The ontinuity
result C(∪Ei) = limC(Ei) for (Ei) an inreasing sequene of Borel sets is the main
diulty, and it uses the results of the previous setion. We show that this apaity
and the Bedford Taylor apaity are omparable. We briey explain how to extend
these results to the loal ase. Finally, we introdue its dual apaity using lassial
arguments.
In an appendix, we reall essential fats of the theory of Dirihlet spaes in the
setting of Dirihlet spae assoiated to a positive losed urrent (see [Den65℄ and par-
tiularly [Oka82℄). We give all the proofs for the reader's onveniene and we stress on
what would make them fail in the ase of W ∗. More preisely, the lassial approah
onsists in onstruting the apaity rst and using it to prove quasi-ontinuity results
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whereas our approah for W ∗ is to prove quasi-ontinuity results rst. The reader not
familiar with Dirihlet spaes may start with this appendix.
Aknowledgements. The author thanks Tien-Cuong Dinh and Nessim Sibony for
their advies during the preparation of this artile.
2 General setting
2.1 Denitions and rst results
Let X be a Kähler manifold of dimension k whih is either a bounded open set of Ck
or a ompat manifold. We denote by dc the operator dc := i/(2π)(∂¯ − ∂). We let ω
be a Kähler form on X suh that
∫
X
ωk = 1 (for a bounded domain in Ck, we use the
Kähler form ω = cddc‖z‖2, c > 0). Let W 1,2 be the Sobolev spae of real funtions in
L2 whose dierential in the sense of urrents is a form with L2 oeients. We dene
the norm ‖ϕ‖2W 1,2 = ‖ϕ‖2L2 + ‖dϕ‖2L2 on W 1,2. Dene W ∗ as the subspae of W 1,2
orresponding to the funtions ϕ ∈ W 1,2 suh that there is a bidegree (1,1) losed
urrent T of nite mass on X with:
i∂ϕ ∧ ∂¯ϕ ≤ T (1)
in the sense of urrents [DS06a℄. Observe that T satisfying (1) is positive sine the
left-hand side is positive and if X is ompat it is always of nite mass. Observe that
when k = 1, W ∗ = W 1,2 sine every (1, 1) form is losed in dimension 1. The set of
urrents satisfying (1) is in fat onvex and losed in the sense of urrents sine a weak
limit of a sequene of positive (resp. losed) urrents is positive (resp. losed).
For ϕ ∈W ∗, we use the notation:
‖ϕ‖2∗ = ‖ϕ‖2L2 + inf
{
m(T )|T losed, satisfying (1)
}
where m(T ) :=
∫
X
T ∧ ωk−1 is the mass of T . Observe that the inmum in the
denition of ‖ϕ‖∗ is reahed beause it is taken over a losed set. Furthemore, a
urrent minimal in (1) will not harge hypersurfaes. Indeed by Siu's theorem [Siu74℄,
it an then be written T1 + T2 where the Ti are positive losed urrents with T1 a
urrent of integration on a ountable union of hypersurfaes and T2 giving no mass to
hypersurfaes, and T2 will satises (1). Clearly, there exists a onstant A > 0 suh
that for ϕ ∈ W ∗, we have ‖ϕ‖W 1,2 ≤ A‖ϕ‖∗. We have the proposition:
Proposition 2.1 The funtion ϕ 7→ ‖ϕ‖∗ is a norm on W ∗ and W ∗ is omplete with
respet to this norm.
Proof. For the rst assertion, only the triangular inequality has to be proved. Let ϕ
and ψ in W ∗, and Tϕ and Tψ be minimal for the mass in (1), then:
i∂(ϕ+ ψ) ∧ ∂¯(ϕ+ ψ) = i∂ϕ ∧ ∂¯ϕ+ i∂ψ ∧ ∂¯ψ + i(∂ϕ ∧ ∂¯ψ + i∂ψ ∧ ∂¯ϕ)
If Tϕ is zero, ϕ is onstant and the result is lear. Otherwise take c =
√
m(Tψ)
m(Tϕ)
. By
Cauhy-Shwarz inequality:
i(∂ϕ ∧ ∂¯ψ + i∂ψ ∧ ∂¯ϕ) ≤ ci∂ϕ ∧ ∂¯ϕ+ 1
c
i∂ψ ∧ ∂¯ψ.
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Hene:
i∂(ϕ+ ψ) ∧ ∂¯(ϕ+ ψ) ≤ (1 + c)Tϕ + (1 + 1
c
)Tψ.
The left-hand side is a positive losed urrent of mass (
√
m(Tϕ) +
√
m(Tψ))
2
whih
gives the result.
For the seond assertion, observe that if (ψn)n∈N is a Cauhy sequene in W
∗
, it
is a Cauhy sequene in W 1,2 whih is omplete, so it onverges in W 1,2 to a funtion
ψ ∈W 1,2. For every ε > 0, there is an integer N suh that for n and m larger than N
we have i∂(ψn−ψm)∧ ∂¯(ψn−ψm) ≤ Tn,m where Tn,m is a losed urrent of mass less
than ε. We let n go to innity. Sine (ψn − ψm)n onverges in W 1,2 to ψ − ψm, we
have that (i∂(ψn−ψm)∧ ∂¯(ψn−ψm))n onverges in L1 thus in the sense of urrents to
i∂(ψ−ψm)∧ ∂¯(ψ−ψm). And we an extrat a subsequene of (Tn,m)n whih onverge
in the sense of urrents to some losed urrent Tm of mass less than ε satisfying (1)
for ψ − ψm sine a weak limit of positive urrent is positive. This gives that ψ is in
fat in W ∗ and that (ψm) onverges to ψ in W
∗
. 
The following result is dedued from the previous proof:
Corollary 2.2 If (ϕn) is a bounded sequene in W
∗
onverging in W 1,2, then its limit
is in W ∗.
We will see in setion 2.3 that smooth funtions are not dense in W ∗ and natural
sequenes do not onverge for this topology. So we will use the following weak onver-
gene:
Denition 2.3 Let (fn) be a sequene in W
∗
and f ∈ W ∗, we write fn ⇁ f if (fn)
onverges weakly to f in W 1,2 and (‖fn‖∗) is a bounded sequene.
Of ourse, it is the same to ask for (fn) to onverge in the sense of distributions and
for (‖fn‖∗) to be a bounded sequene, but our denition is more onvenient. The
previous denition is interesting beause of the following ompatness result:
Proposition 2.4 Let (fn) be a bounded sequene in W
∗
. Then there exist a sub-
sequene (fnj ) and f ∈ W ∗ suh that fnj ⇁ f . Furthermore, we have ‖f‖∗ ≤
lim inf ‖fnj‖∗.
Proof. Sine (fn) is bounded inW
∗
, it is also bounded inW 1,2. Taking a subsequene,
we an assume that (fn) onverges weakly in W
1,2
to f ∈ W 1,2. Let Tn be a losed
urrent satisfying (1) of minimal mass for fn. We an assume that (Tn) and (i∂fn∧∂¯fn)
onverge in the sense of urrents to some limits T and Θ with T positive and losed
and Θ positive. Let Ψ be a positive test form of bidegree (k − 1, k − 1), we want to
show that 〈i∂f ∧ ∂¯f,Ψ〉 ≤ 〈Θ,Ψ〉, whih will onlude the proof sine Θ ≤ T .
By the denition of positive forms: 〈i∂(f − fn) ∧ ∂¯(f − fn),Ψ〉 ≥ 0, we expand:
〈i∂f ∧ ∂¯fn + i∂fn ∧ ∂¯f,Ψ〉 ≤ 〈i∂f ∧ ∂¯f,Ψ〉+ 〈i∂fn ∧ ∂¯fn,Ψ〉.
We have that (〈i∂f ∧ ∂¯fn,Ψ〉) goes to 〈i∂f ∧ ∂¯f,Ψ〉 beause ∂f ∧Ψ has oeients in
L2 and (∂¯fn) has oeients weakly onverging in L
2
. Similarly (〈i∂fn ∧ ∂¯f,Ψ〉) goes
to 〈i∂f ∧ ∂¯f,Ψ〉. Letting n→∞ gives:
〈i∂f ∧ ∂¯f + i∂f ∧ ∂¯f,Ψ〉 ≤ 〈i∂f ∧ ∂¯f,Ψ〉+ 〈Θ,Ψ〉
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whih onludes the proof. 
Let U be an open set in Ck, U ′ ⋐ U , and ϕ ∈ W ∗(U). Take χ a non negative
smooth radial funtion with ompat support in Ck suh that
∫
χ = 1. Dene χε(z) :=
ε−2kχ(z/ε) for ε > 0 and put ϕε = ϕ ∗ χε (well dened in U ′ for ε small enough),
then ϕε is smooth. Let (εn) be a sequene dereasing to zero and dene ϕn = ϕεn . It
is lassial that (ϕn) onverges to ϕ in W
1,2(U ′). Let T be suh that i∂ϕ ∧ ∂¯ϕ ≤ T
and let v be a psh potential of T (that is i∂∂¯v = T ), we dene Tn = T ∗ χεn and
vn = v ∗χεn so that i∂∂¯vn = Tn. Then (vn) dereases to v and (Tn) onverges to T in
the sense of urrents. In partiular,∫
U ′
T ∧ ωk−1 ≤ lim
∫
U ′
Tn ∧ ωk−1 ≤
∫
U
T ∧ ωk−1
Using the previous notations, we an now state a regularization lemma:
Lemma 2.5 1. Let U be an open set in Ck. Then for U ′ ⋐ U , and ϕ ∈ W ∗(U),
the sequene of smooth funtions (ϕn) onverges weakly to ϕ in W
∗(U ′). Fur-
thermore, we have that i∂ϕn ∧ ∂¯ϕn ≤ Tn. In partiular, we have the inequalities
‖ϕ‖W∗(U ′) ≤ lim ‖ϕn‖W∗(U ′) ≤ ‖ϕ‖W∗(U). Finally, we an hoose the potential
vn of the urrents Tn so that (vn) dereases to the potential v of T .
2. Consider the projetive spae Pk. Let ϕ ∈ W ∗(Pk), then there exists a sequene of
smooth funtions (ϕn) onverging weakly to ϕ in W
∗(Pk) and lim ‖ϕn‖∗ = ‖ϕ‖∗.
Proof. For the rst ase, we have seen in the proof of proposition 2.1 that if i∂ϕ∧ ∂¯ϕ ≤
Tϕ and i∂ψ ∧ ∂¯ψ ≤ Tψ then:
i∂(
ϕ+ ψ
2
) ∧ ∂¯(ϕ+ ψ
2
) ≤ (Tϕ + Tψ
2
).
Approximating χεn by a nite sum and using that onvexity property, we get i∂ϕn ∧
∂¯ϕn ≤ Tn. The rest follows.
In the seond ase, we apply the same argument with an approximation of ϕ, using
an approximation of the identity in Aut(Pk). The urrent Tn satisfying i∂ϕn ∧ ∂¯ϕn ≤
Tn onverges to T (as an average of the omposition of T by automorphisms of P
k
)
hene m(Tn) = 〈Tn, ωk−1〉 → 〈Tn, ωk−1〉 = m(T ). So lim ‖ϕn‖∗ = ‖ϕ‖∗. 
In the rst ase, we annot expet in general the equality lim ‖ϕn‖W∗(U ′) =
‖ϕ‖W∗(U) sine the best urrent in U ′ for ϕ is not neessarily the restrition of the
best urrent in U (take a non onstant funtion on U that vanishes on U ′). We will
prove a version of the above result in the ase of ompat Kähler manifold in setion 2.4.
2.2 Funtions in W ∗ and BMO
For x ∈ Ck and T a positive losed (1,1)-urrent dened on some neighborhood of U ,
let ν(T, x, r) := r2(1−k)
∫
B(x,r) T ∧ (ddc‖z‖2)k−1 where B(x, r) is the ball of enter x
and of radius r. We know the quantity ν(T, x, r) dereases to the Lelong number of T
at x when r dereases to 0 (see [Dem97℄ for details).
Let U be some bounded open set in Rn with a riemannian metri g. Let B be
a ball ontained in U , |B| its volume and f ∈ L1(U) a real-valued funtion. We
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write mB(f) =
1
|B|
∫
B
f the mean value of f in the ball B. By denition, a funtion
f ∈ L1(U) is in BMO(U) (bounded mean osillation) if there exists a onstant Cf
suh that for any ball B(x, r) ontained in U , we have that:
1
|B|
∫
B
|f −mB(f)| ≤ Cf .
We denote by ‖f‖BMO the inmum of the numbers Cf . It is known that ‖f‖BMO
denes a semi-norm and that if f ∈ BMO(U) then there exists a onstant C′f > 0 suh
that eC
′
f |f |
is in L1(U). More preisely, there exists a onstant b > 0 that depends only
on n suh that for all b′ < b/‖f‖BMO, eb′|f | is in L1(U). In partiular f ∈ Lp(U) for
all p <∞ [JN61℄. Observe that BMO(U) does not depend on the hoie of g and that
we an extend the notion of BMO to manifolds. We have the following proposition:
Proposition 2.6 Let ϕ be in W ∗. Then ϕ is in BMO, onsequently, ϕ is in Lp for
all p <∞
Proof. Reall rst that for a funtion in W 1,2(U) where U is an open set of Rn, and
for any ball B ⊂ U , we have the following Poinaré-Sobolev inequality (e.g. [AH96℄):
1
|B|
∫
B
|ϕ−mB(ϕ)| ≤ C 1|B| 12− 1n
( ∫
B
‖dϕ‖2
) 1
2
, (2)
where C is a onstant that depends only on n (in our ase, n = 2k). Using a overing if
neessary, we an suppose that we are in an open set of Ck. For ϕ ∈W ∗, Tϕ satisfying
i∂ϕ ∧ ∂¯ϕ ≤ Tϕ, and B a ball entered at x of radius r, we dedue from (2) that:
1
|B|
∫
B
|ϕ−mB(ϕ)| ≤ Cr1−k
( ∫
B
Tϕ ∧ (ddc‖z‖2)k−1
) 1
2 ≤ C
√
ν(Tϕ, x, r), (3)
and we know the quantity ν(Tϕ, x, r) dereases to the Lelong number of Tϕ at x when
r dereases to 0. With the above notations, for any C′ϕ < b/‖ϕ‖∗ where b is a onstant
that depends only on X , then eC
′
ϕ|ϕ|
is in L1. 
In partiular, we see from the proof that if Tϕ has no positive Lelong number on
X , then ϕ is in fat VMO (i.e: the mean osillation is bounded and goes to zero when
r goes to zero). We will see that in general funtions in W ∗ are not in VMO in the
ase of higher dimension. In dimension 1, any funtion in W ∗ = W 1,2 is in VMO (it
is a onsequene of the above proof).
2.3 Examples, density and duality
Lipshitz funtions are in W ∗. Furthermore, if g : R → R is Lipshitz and f is in W ∗
then g ◦ f ∈ W ∗. In partiular we will use the fat that for a ∈ R, max(f, a) is in W ∗
with ‖max(f, a)‖∗ ≤ ‖f‖∗ [DS06a℄. For f and g smooth funtions and ε > 0, we let:
maxε(f, g) :=
f + g +
√
(f − g)2 + ε
2
and minε(f, g) :=
f + g −
√
(f − g)2 + ε
2
.
The funtions maxε(f, g) and minε(f, g) are smooth. A straightforward omputation
shows that:
i∂(maxε(f, g))∧ ∂¯(maxε(f, g)) + i∂(minε(f, g))∧ ∂¯(minε(f, g)) ≤ i∂f ∧ ∂¯f + i∂g ∧ ∂¯g.
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Letting ε go to zero, we dedue that if Tf and Tg satisfy (1) for f and g then Tf + Tg
satises (1) for max(f, g) and min(f, g). The last property is loal so by density it is
true for any f and g in W ∗. We dedue that max(f, g) and min(f, g) are in W ∗ with
the bound:
‖max(f, g)‖2∗ ≤ ‖f‖2∗ + ‖g‖2∗ and ‖min(f, g)‖2∗ ≤ ‖f‖2∗ + ‖g‖2∗. (4)
Now, if ξ is a smooth funtion (even with ompat support in the loal ase) and
f ∈ W ∗, then we do not know if ξf belongs to W ∗ for k ≥ 2 in general. This is an
important dierene with the ase of Sobolev spaes as partition of unity is a lassial
tool. Still, suh rigidity is harateristi of omplex analysis. We give now some less
simple examples.
Example 1. Let X be either a ompat Kähler manifold or a bounded open set in Cn.
Let ϕ be a quasi plurisubharmoni (qpsh for short) funtion on X , that is ϕ is loally
the sum of a psh funtion and a smooth funtion. So, we have i∂∂¯ϕ + Cω ≥ 0 for
some C ≥ 0. If ϕ is bounded (say 0 ≤ ϕ ≤ 1), then it is in W ∗ beause it satises
i∂ϕ∧ ∂¯ϕ = i/2∂∂¯(ϕ2)−iϕ∂∂¯ϕ and the right-hand side term is bounded by the positive
losed urrent i/2∂∂¯(ϕ2) + Cω.
Take now ϕ ≤ −1 not neessarily bounded, then the funtion ψ = − log(−ϕ) is in
W ∗. Indeed, sine i∂∂¯ϕ ≥ −Cω, we have:
i∂ψ ∧ ∂¯ψ = i∂ϕ ∧ ∂¯ϕ|ϕ|2
i∂∂¯ψ = − i∂∂¯ϕ
ϕ
+
i∂ϕ ∧ ∂¯ϕ
|ϕ|2 .
We have that i∂ψ ∧ ∂¯ψ = i∂∂¯ψ + i∂∂¯ϕ/ϕ ≤ i∂∂¯ψ + Cω whih is of mass C.
Example 2. Consider a bounded open set X ontained in the unit ball of Cn with the
anonial Kähler form. Let ϕ be the funtion dened by (− log |z1|2)α for α < 1/2.
Then, ϕ is in W ∗ sine it is in L2 with:
i∂ϕ ∧ ∂¯ϕ = idz1 ∧ dz¯1|z1|2(− log |z1|2)2−2α ,
whih is losed and in L1 if and only if 2− 2α > 1.
Example 3. Consider a Kähler manifold X of dimension 2 with some point 0 ∈ X .
We onsider the blow-up X˜ of X at 0 and we denote by π : X˜ → X the standard
projetion. Let H := π−1{0} denote the exeptional ber. Let f˜ be a smooth funtion
on X˜ (hene f˜ ∈ W ∗(X˜)) so that ∫ i∂f˜ ∧ ∂¯f˜ ∧ [H ] > 0. Consider a urrent T˜ of
minimal mass satisfying (1) for f˜ .
Dene f := π∗f˜ and T := π∗T˜ , then f ∈ W ∗(X) sine i∂f ∧ ∂¯f ≤ T indeed i∂f ∧ ∂¯f
gives no mass to 0. We want to ompute the "Lelong number" limr→0
∫
Br
i∂f ∧ ∂¯f ∧
i∂∂¯ log ‖Z‖, where Z = (z, w) is a system of loal oordinates. Reall that loally X˜
is given as the set of points {((z, w), [x : y]), zy = wx}. In the hart where x 6= 0,
we an write X˜ as {((z, uz), [1 : u])}. The projetion π in the (z, u) oordinates is
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(z, u) 7→ (z, uz) , and H is given by z = 0. So we have:∫
Br
i∂f ∧ ∂¯f ∧ i∂∂¯ log ‖Z‖ =
∫
pi−1(Br)
i∂f˜ ∧ ∂¯f˜ ∧ i∂∂¯ log ‖π(Z)‖
=
∫
pi−1(Br)
i∂f˜ ∧ ∂¯f˜ ∧ i∂∂¯ 1
2
log
(|z|2(1 + |u|2))
≥
∫
pi−1(Br)
i∂f˜ ∧ ∂¯f˜ ∧ i∂∂¯ log |z|.
When r goes to 0, the last integral goes to
∫
i∂f˜ ∧ ∂¯f˜ ∧ [H ] whih is positive by our
assumption. In partiular any urrent satisfying (1) for f has a Lelong number at zero.
For example, take a smooth funtion f˜ on X˜ given by |x|
2
|x|2+|y2| near H . It is smooth
beause it is given by
1
1+|u|2 in the hart where x 6= 0. Its push-forward f is simply
|z|2
|z|2+|w2| , whih is then in W
∗
. Reall the bound for the mean osillation of f :
1
|B|
∫
B
|f −mB(f)| ≤ Cr1−k
(∫
B
Tf ∧ ωk−1
) 1
2
.
Sine f is homogeneous of order zero thenmB(f) does not depend onB, so the funtion
|f −mB(f)| is also homogeneous of order zero hene mB(|f −mB(f)|) = A does not
depend on B and it is positive as f−mB(f) is not everywhere zero. So f is not VMO.
And if we apply the last formula to f − f ′ where f ′ is smooth, we see that the term
mBr (|f − f ′ −mBr (f − f ′))| ≥ mBr(|f −mBr (f)| −mBr (|f ′ −mBr (f ′)|)) goes to A
when r → 0. So a urrent Tf−f ′ satisfying i∂(f − f ′)∧ ∂¯(f − f ′) ≤ Tf−f ′ has a Lelong
number bounded from below by a quantity whih does not depend on f ′, and hene a
mass that does not depend on f ′. The example is easily extended to higher dimension.
So we proved the important proposition:
Proposition 2.7 The spae W ∗ is not ontained in VMO and smooth funtions are
not dense in W ∗ for the strong topology.
The seond assertion is also true for ontinuous funtions in W ∗ for the same reasons.
We dedue the following fundamental orollary:
Corollary 2.8 The spae W ∗ is not reexive.
Proof. Assume it is reexive. In this ase, we onsider the funtion f above with
support ontained in some hart. So we are in the ase of lemma 2.5 and we take
a sequene of regularizations (fn). This is a bounded sequene so we an extrat a
weakly (in the dual sense, not in our weak sense) onverging sequene. Beause it also
onverges inW 1,2, its limit is f . But sine the weak losure and the strong losure of a
onvex set oinide, the limit f would be in the strong losure of the smooth funtions
in W ∗ whih ontradit the previous proposition. 
Remark 2.9 Our weak topology is weaker than the dual weak topology, but it enjoys
a ompatness property so it is the right one to onsider.
2.4 A density theorem
We want to prove the (weak) density of smooth funtions in W ∗, the question was
raised in [DS06a℄ where the authors advise to follow the arguments of [DS04℄ whih is
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what we do. So let us reall the results of [DS04℄ we need rst. For a ompat Kähler
manifold X of dimension k, there exist two sequenes of positive losed urrents (K+n )
and (K−n ) of bidegree (k, k) on X ×X with oeients in L1 suh that (K+n − K−n )
onverges to the urrent of integration on the diagonal of X×X . A preise desription
of the singularities of K±n implies that for a positive losed urrent T of any positive
bidegree, the (positive losed) urrents T±n (x) :=
∫
y∈X
K±n (x, y) ∧ T (y) satisfy:
T+n − T−n → T.
Moreover, there exists a onstant c > 0 independent of T and n suh that m(T±n ) ≤
cm(T ).
Furthermore, there exists δ > 0 suh that if T has measure oeients then T±n
have oeients in L1+δ, if T has oeients in Lp then T±n have oeients in L
q
(where q = ∞ if p−1 + (1 + δ)−1 ≤ 1 and p−1 + (1 + δ)−1 = 1 + q−1 otherwise), if T
has oeients in L∞ then T±n are ontinuous forms, if T is a ontinuous form then
T±n has C1 oeients. Finally, the urrents K± are smooth outside the diagonal of
X ×X and satisfy ‖K±n (., y)‖L1 ≤ A where A is a onstant that does not depend on
n and y.
In partiular, for a funtion f in L1, let (f±n ) be the sequenes dened by f
±
n =∫
y∈X f(y)K
±
n (., y). Then (fn) := (f
+
n − f−n ) onverges to f in the sense of distribu-
tions. Indeed, if f is ontinuous, the result is lear by weak onvergene and one has
the bound ‖fn‖L1 ≤ A‖f‖L1 so fn → f in L1.
Dene Kn := K
+
n −K−n and let ϕ ∈ W ∗ with Tϕ as in (1). Dene
ϕn :=
∫
y∈X
ϕ(y)Kn(., y),
whih is in L∞ sine ϕ is in Lq for all q ≥ 1, and (ϕn) onverges to ϕ in the sense
of distributions. Let π1 and π2 denote the anonial projetions from X ×X to eah
of its fator, then ϕn = (π1)
∗(((π2)∗ϕ)Kn). Sine Kn is losed and ϕ ∈ W 1,2, then
i∂ϕn = (π1)
∗(((π2)∗∂ϕ) ∧Kn) and i∂¯ϕn = (π1)∗(((π2)∗∂¯ϕ) ∧Kn). That is:
∂ϕn =
∫
y∈X
Kn(x, y) ∧ ∂ϕ(y) and ∂¯ϕn =
∫
y∈X
Kn(x, y) ∧ ∂¯ϕ(y).
We make the wedge produt of this two terms, it is positive hene real so we an take
the real part. We obtain a sum of terms of the form:∫
y,y′∈X
K±n (x, y) ∧K±n (x, y′) ∧ Re
(
i∂ϕ(y) ∧ ∂¯ϕ(y′)) .
Sine the urrents K±n are positive, the last integral is less than:∫
y,y′∈X
K±n (x, y) ∧K±n (x, y′) ∧
1
2
(
Tϕ(y) + Tϕ(y
′)
)
.
Sine
∫
y∈X Kn(x, y) ≤ A, the integral is in turn less than:
A
∫
y∈X
K±n (x, y) ∧ Tϕ(y).
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That integral denes a positive losed urrent, of mass ontrolled by the mass of Tϕ
and with oeients in L1+δ. In partiular, we have that i∂ϕn ∧ ∂¯ϕn is bounded by a
positive losed urrent, of mass ontrolled by the mass of Tϕ and oeients in L
1+δ
.
We iterate the proess, and we gain regularity until we get funtions in C1 ontrolled
by a urrent with oeients in C1 (the number of iterations does not depend on ϕ).
A small perturbation of the urrent Tϕ gives the following theorem:
Theorem 2.10 Let ϕ ∈ W ∗(X). Then there exists a sequene of smooth funtions
(ϕn) suh that ϕn ⇁ ϕ in W
∗
. More preisely, there exists a onstant C1 that does
not depend on ϕ suh that ‖ϕn‖∗ ≤ C1‖ϕ‖∗.
3 Pointwise values
Let U be an open pseudoonvex set of Ck. The Bedford-Taylor apaity capBT (see
[BT82℄) is dened by:
capBT (E) := sup
{∫
E
(ddcu)k|u psh, 0 ≤ u ≤ 1
}
for E ⊂ U a Borel set. It is subadditive. A set is of zero apaity if and only if it is
pluripolar. Reall that a set P is pluripolar in U if there is a psh funtion v suh that
P ⊂ {v = −∞}. And it is omplete pluripolar in U if there is a psh funtion v suh
that P = {v = −∞}
A priori, a funtion ϕ in W ∗ is dened only almost everywhere. The purpose of
this setion is to show that if ϕ is in W ∗ then it is quasi-ontinuous on any open
set V ⋐ U for the Bedford-Taylor apaity: there exists a representative ϕ˜ of ϕ suh
that ∀ε > 0 there exists an open set Uε suh that capBT (Uε) ≤ ε and ϕ˜ restrited to
V \Uε is ontinuous. Moreover we show that two suh representatives oinide outside
a pluripolar set.
We work loally, so let U be a strongly pseudoonvex open set in Ck. Let 0 ≤ χ ≤ 1
be some smooth funtion with ompat support in U . First we prove that χϕ an be
seen as an element of the Dirihlet spaes assoiated to a lass of positive losed
urrents. Then we prove the quasi-ontinuity. In partiular, ϕ is dened up to a
pluripolar set. We will then prove a onvergene lemma and a result on the Lebesgue
set of ϕ.
3.1 Embedding in some Dirihlet spaes
Let S be a positive losed urrent of bidegree (p, p) for p ≤ k − 1 in U (S is not
neessarily of bounded mass). Denote by HS the ompletion of the smooth funtions
with ompat support in U for the hermitian norm ‖f‖2S :=
∫
U
i∂f ∧ ∂¯f ∧S ∧ωk−p−1.
It is a (real) Hilbert spae. Let u1, . . . , uk−1 be bounded psh funtions on U . Our
purpose is to show that χW ∗ an be embedded in the Dirihlet spae HS when S =
i∂∂¯u1 ∧ . . .∧ i∂∂¯uk−1. Let us stress that it is not lear that the quantity i∂ϕ∧ ∂¯ϕ∧S
makes sense for ϕ ∈ W ∗ sine one annot multiply a Radon measure by a form in L1
in general. Let U ′ be an open set of U suh that supp(χ) ⋐ U ′ ⋐ U .
Let us reall some basi fats in pluripotential theory. If K is a ompat subset
of U , for a positive urrent Θ of bidegree (q, q), we dene the trae measure of Θ by
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Θ ∧ ωk−q. And its mass on K is:
‖Θ‖K =
∫
K
Θ ∧ ωk−q.
We say that a urrent S satises the Chern-Levine-Nirenberg (CLN for short) inequal-
ity if for any (1, 1) positive losed urrent T then the positive losed urrent T ∧ S
is well dened and if for any K ⋐ L ompat subsets, then there exists a onstant
CK,L,S > 0 suh that:
‖T ∧ S‖K ≤ CK,L,S‖T ‖L.
If S is a positive losed urrent of bidegree (p, p) and u is a bounded psh funtion,
then the urrent i∂∂¯u∧ S := i∂∂¯(uS) is a well dened positive losed urrent. Hene,
if u1, . . . , ul are bounded psh funtions, then the urrent i∂∂¯u1 ∧ . . . ∧ i∂∂¯ul ∧ S is
a well dened positive losed urrent. Furthermore, if K ⋐ L are ompat subsets,
then there exists a onstant CK,L > 0 suh that the following Chern-Levine-Nirenberg
inequality holds:
‖i∂∂¯u1 ∧ . . . ∧ i∂∂¯ul ∧ S‖K ≤ CK,L‖u1‖L∞ . . . ‖ul‖L∞‖S‖L.
In partiular, if S satises the CLN inequality, so does i∂∂¯u1∧ . . .∧ i∂∂¯ul∧S. Finally,
reall that if (un) is a uniformly bounded sequene of smooth psh funtions dereasing
to u, then (i∂∂¯un ∧ S) onverges to i∂∂¯u ∧ S in the sense of urrents. We refer the
reader to Demailly's book on that topi ([Dem97℄ pp. 166-172). We have the following
lemma (similar to theorem 1 in [Oka82℄):
Lemma 3.1 Let u be a bounded psh funtion on U and S a positive losed urrent of
bidegree (p, p). Then for f ∈ HS we have that f is in L2(S ∧ ωk−p−1 ∧ i∂∂¯u) with:
‖f‖2u,S :=
∫
U
f2S ∧ ωk−p−1 ∧ i∂∂¯u ≤ 8‖u‖∞‖f‖2S.
Proof Assume rst that u is smooth and f is smooth with ompat support in U .
Denote by S˜ the urrent S∧ωk−p−1. We onsider the norm |||f |||2 = ∫
U
f2i∂u∧∂¯u∧S˜.
Then by Stokes formula:
|||f |||2 = −2
∫
U
if∂f ∧ u∂¯u ∧ S˜ −
∫
U
f2ui∂∂¯u ∧ S˜.
Using the Cauhy-Shwarz inequality:
|||f |||2 ≤ 2‖u‖∞|||f ||| ‖f‖S + ‖u‖∞‖f‖2u,S.
On the other hand:
‖f‖2u,S = −2
∫
U
if∂f ∧ ∂¯u ∧ S˜ ≤ 2|||f ||| ‖f‖S.
Using the two last inequalities, we get:
|||f |||2 ≤ 2‖u‖∞|||f ||| ‖f‖S + 2‖u‖∞|||f ||| ‖f‖S.
So, we have |||f ||| ≤ 4‖u‖∞‖f‖S, and so:
‖f‖2u,S ≤ 8‖u‖∞‖f‖S,
whih is what we want. The general ase follows by approximation (rst of u by a
dereasing sequene of smooth psh funtions then of f). 
We will need the following denition:
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Denition 3.2 Let S be a positive losed urrent of bidegree (p−1, p−1). We say that
S is W ∗-regular if S satises the CLN inequality and if the anonial map ϕ 7→ χϕ
from W ∗ to HS whih is dened for ϕ smooth an be extended to W
∗
as a bounded
linear map whih is ontinuous for the weak topology on W ∗(U ′) and for the weak
Hilbert spae topology on HS.
Reall that a funtion is ontinuous for the weak topology if the image of a weakly
onverging sequene is weakly onverging. This notion is interesting here beause the
weak topology we onsider onW ∗ is not the usual Banah spae one (in the ase of the
weak Banah spae topology, being weakly ontinuous and being strongly ontinuous
are equivalent).
By lemma 2.5, any funtion ϕ in W ∗ is a limit of a sequene of smooth funtions
whih onverges weakly in W ∗(U ′) so the extension is unique. Furthermore, provided
that the map ϕ 7→ χϕ is bounded, a diagonal extration shows that if the image of any
weakly onverging sequene of smooth funtions is weakly onverging then the image of
any weakly onverging sequene in W ∗ is weakly onverging and thus S isW ∗-regular.
The notion of W ∗-regularity is interesting beause of the following lemma:
Lemma 3.3 Let S be a W ∗-regular positive losed urrent of bidegree (p, p) for p ≤
k − 2. Then S ∧ i∂∂¯u is W ∗-regular if u is a bounded psh funtion.
Proof. Denote S ∧ i∂∂¯u by S˜. We know it satises the CLN inequality.
We rst hek that the anonial appliation ϕ→ χϕ from W ∗ to HeS is bounded
for smooth funtions. So, let ϕ be a smooth funtion in W ∗ and Tϕ a positive losed
urrent suh that i∂ϕ ∧ ∂¯ϕ ≤ Tϕ. Then, we have:
‖(χϕ)‖2eS ≤ 2
∫
U
χ2i∂ϕ ∧ ∂¯ϕ ∧ S˜ ∧ ωk−p−2 + 2
∫
U
ϕ2i∂χ ∧ ∂¯χ ∧ S˜ ∧ ωk−p−2
The rst integral of the right hand side is less than 2
∫
U
χ2Tϕ ∧ S˜ ∧ ωk−p−2 whih is
bounded by the CLN inequality. For the seond integral, observe that, hoosing some
non negative smooth funtion χ1 with ompat support on U and equal to 1 on the
support of χ, we have that:∫
U
ϕ2i∂χ ∧ ∂¯χ ∧ S˜ ∧ ωk−p−2 ≤ C
∫
U
(χ1ϕ)
2i∂∂¯u ∧ S ∧ ωk−p−2,
for C large enough depending on χ. Sine S is W ∗-regular, so is S ∧ ωk−2 and we an
apply lemma 3.1 to f = χ1ϕ. Combining the two estimates, we get:
‖(χϕ)‖eS ≤ A1‖ϕ‖W∗(U ′),
where A1 is a onstant that depends only on S and u.
Now, we prove the ontinuity. Let f be a smooth form with ompat support in
U and (ϕn) a sequene in W
∗
weakly onverging in W ∗(U ′). Smooth funtions with
ompat support in U are dense in HeS by denition. So in order to show that (χϕn) is
weakly onverging in HeS , it is enough to hek that (〈χϕn, f〉eS) onverges to a value
〈g, f〉eS where g ∈ HeS does not depend on f .
Sine f is smooth, there is a C > 0 suh that i∂∂¯f + Cω ≥ 0. Dene S1 :=
S ∧ (i∂∂¯f +Cω) and S2 = S ∧Cω, it is lear that S1 and S2 are W ∗-regular. Choose
some non negative smooth funtion χ1 with ompat support on U
′
and equal to 1 on
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the support of χ. Sine u is a bounded psh funtion, it belongs to W ∗, so χ1u denes
an element of HS′ for S
′ W ∗-regular. We laim that:
〈χϕn, f〉eS = 〈χϕn, χ1u〉S1 − 〈χϕn, χ1u〉S2 .
Indeed, if u is smooth, it is lear by Stokes formula and the general ase follows by
density sine S1 and S2 are W
∗
-regular. The right-hand side shows that (〈χϕn, f〉eS)
onverges to the well dened value 〈χϕ, χ1u〉S1 − 〈χϕ, χ1u〉S2 (indeed, S1 and S2 are
W ∗-regular). By Cauhy-Shwarz inequality and the above bound on the norm of χϕn,
we have that |〈χϕn, f〉eS | ≤ A2‖ϕn‖W∗(U ′)‖f‖eS (where A2 =
√
A1 > 0 is a onstant
that does not depend on (ϕn) and f). So the mapping f 7→ limn→∞ i〈χϕn, f〉eS denes
a ontinuous linear form on HeS . By Riesz theorem, (χϕn) onverges weakly in HeS to
an element that does not depend on the hoie of the sequene (ϕn). We still denote
by χϕ that element and we have the bound ‖χϕ‖eS ≤ A2 limn→∞ ‖ϕn‖W∗(U ′). Finally,
hoosing for (ϕn) the sequene in lemma 2.5, we get that ‖χϕ‖eS ≤ A2‖ϕ‖W∗(U). That
ompletes the proof. 
In partiular, by indution, we get that any S = i∂∂¯u1 ∧ . . . ∧ i∂∂¯uk−1 with
u1, . . . , uk−1 bounded psh funtions on U is W
∗
-regular. And the above proof show
that there exists a onstant A that only depends on the L∞ norm of eah ul suh that
‖χϕ‖S ≤ A‖ϕ‖∗. In uniformly onvex spaes and thus in Hilbert spaes, there is the
lassial theorem that will be of use:
Theorem 3.4 Let A be a uniformly onvex Banah spae and let (an) be a sequene
in A weakly onverging to a. Then there is a subsequene (anl)l, suh that the sequene
(1
j
∑j
l=1 anl)j onverges strongly to a.
In partiular, for a W ∗-regular urrent S, we an nd a sequene (ϕn) onverging
weakly in W ∗ and strongly in HS to ϕ, of ourse this sequene depends on S in
general. We an assume that this sequene is smooth. Finally, we have proved the
following theorem:
Theorem 3.5 Let S = (i∂∂¯u)k−1 where u is a bounded psh funtion on U . Then S
is W ∗-regular. Consequently for ϕ in W ∗, then χϕ is in L2((i∂∂¯u)k) and there is a
onstant A that depends only on the L∞ norm of u suh that ‖χϕ‖S ≤ A‖ϕ‖∗.
Finally, for any sequene (ϕn) onverging weakly in W
∗
, there is a subsequene
(ϕnl)l suh that the Cesàro mean (χ
1
j
∑j
l=1 ϕnl)j onverges strongly in HS.
Following the results of the appendix, we an now dene the funtional apaity capS
for S in theorem 3.5. In partiular, the element of HS are well-dened up to a set of
S-apaity zero. In partiular, for ϕ in W ∗, the element χϕ of HS admits a quasi-
ontinuous representative for the apaity capS . This will be useful sine we now by
[FO84℄ and [FO87℄ that if a set is of S-apaity equal to zero for all S above, then it
is pluripolar. A diulty is that the quasi-ontinuous representative depends a priori
on S sine the onverging sequene depends on S.
Remark 3.6 The distribution i∂∂¯ϕ ∧ S := f 7→ −〈f, ϕ〉S on V ⊂ supp(χ) is well
dened and of order 1. By Stokes formula, it oinides with the usual denition if ϕ
is smooth. Furthermore, if ϕn ⇁ ϕ then i∂∂¯ϕn ∧ S → i∂∂¯ϕ ∧ S.
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3.2 Quasi-ontinuity
Now we want to prove that the funtions in W ∗ are quasi-ontinuous for the Bedford-
Taylor apaity. Reall that U is strongly pseudoonvex so U =
{
ψ < 0
}
where ψ is
a smooth stritly psh funtion on a neighborhood of U . We will use the intermediate
spaeW ∗∞ onsisting of funtion ϕ inW
∗
suh that there is a urrent Tϕ with bounded
potential suh that i∂ϕ ∧ ∂¯ϕ ≤ Tϕ. Reall that a psh funtion v is a potential of a
positive losed urrent T of bidegree (1,1) if i∂∂¯v = T . We put on W ∗∞ the norm
‖ϕ‖2 := ‖ϕ‖2L2 + inf{‖vϕ‖L∞ | vϕ potential of Tϕ}. All the results of setion 1 are still
true forW ∗∞: it is a Banah spae, and the weak onvergene dened as for W
∗
enjoys
the same ompatness property.
Lemma 3.7 Let ϕ ∈ W ∗∞ ∩ L∞.Then χϕ is in ∈ W ∗∞ ∩ L∞ and if ϕn ⇁ ϕ in W ∗∞
then χϕn ⇁ χϕ in W
∗
∞.
Furthermore, there exist sequenes (ϕn) of smooth funtions with χϕn ⇁ χϕ with
T and Tn satisfying i∂(χϕ) ∧ ∂¯(χϕ) ≤ T and i∂(χϕn) ∧ ∂¯(χϕn) ≤ Tn suh that the
bounded potentials vn for Tn are dereasing to the bounded potential v for T .
Proof. Let ϕ as above, and Tϕ be suh i∂ϕ ∧ ∂¯ϕ ≤ Tϕ. We have the bounds:
i∂(χϕ) ∧ ∂¯(χϕ) ≤ 2iχ2∂ϕ ∧ ∂¯ϕ+ 2i|ϕ|2∂χ ∧ ∂¯χ
≤ C1Tϕ + C2‖ϕ‖L∞ω,
where C1 and C2 are positive onstants that depend only on χ. That gives the rst
part of the lemma.
Now we take T = C1Tϕ + C2‖ϕ‖L∞ω and (ϕn) as in lemma 2.5 whih gives the
seond part part of the lemma. 
So for ϕ inW ∗∞∩L∞, we onsider a sequene (ϕn) as in the above lemma. Observe that
taking a subsequene or a Cesàro mean do not hange the fat that the potentials are
dereasing (that is simply beause a subsequene and a Cesàro mean of a dereasing
sequene are still dereasing). We let u be a psh funtion on U with 0 ≤ u ≤ 1, and
ϕn ⇁ ϕ as in the above lemma. We will need the following lemma:
Lemma 3.8 With the notations of lemma 3.2, for all j ≤ k, there exists C > 0 whih
depends only on ϕ suh that:∫
U
|χϕ− χϕn|2(i∂∂¯u)k ≤ C
( ∫
U
|χϕ− χϕn|2(T + Tn)j ∧ (i∂∂¯u)k−j
) 1
2j
.
Proof. Sine we assume that u and the potentials of T and Tn are bounded, the
previous integrals make sense by lemma 3.1 (ξϕ− ξϕn is in L2((T +Tn)j ∧ (i∂∂¯u)k−j)
for j ≥ 0). We prove the laim of the lemma by indution on j. For j = 0 there is
nothing to prove, so assume the laim holds for j. The Stokes formula implies:∫
U
|χϕ− χϕn|2(T + Tn)j ∧ (i∂∂¯u)k−j =
−2
∫
U
(χϕ− χϕn)i∂(χϕ− χϕn) ∧ ∂¯u ∧ (T + Tn)j ∧ (i∂∂¯u)k−j−1,
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and by Cauhy-Shwarz inequality and the fat that i∂(χϕ− χϕn) ∧ ∂¯(χϕ − χϕn) ≤
2(T + Tn), it is bounded by:
2
(∫
U
|χϕ− χϕn|22(T + Tn)j+1 ∧ (i∂∂¯u)k−j−1
) 1
2 ×( ∫
Supp(χ)
i∂u ∧ ∂¯u ∧ (T + Tn)j ∧ (i∂∂¯u)k−j−1
) 1
2
.
The last term of the produt is less than to 2−1
∫
Supp(χ)
i∂∂¯(u2)∧(T+Tn)j∧(i∂∂¯u)k−j−1
sine i∂u∧ ∂¯u ≤ i2−1∂∂¯(u2) sine u ≥ 0 (expand the right-hand side of the inequality).
And that quantity is bounded by a onstant independent of u by the CLN inequality.
That prove the laim for j + 1. 
We now prove the following lemma whih is the key point for the proof of the
quasi-ontinuity.
Lemma 3.9 Let ϕ ∈ W ∗∞ ∩ L∞. Then there exists a sequene of smooth funtions
ϕn ⇁ ϕ in W
∗
∞ ∩ L∞ suh that for any psh funtion 0 ≤ u ≤ 1 on U , we have:∫
U
|χϕ− χϕn|2(i∂∂¯u)k → 0,
where the onvergene is uniform in u.
Proof. We apply the previous lemma for j = k and for (ϕn) in lemma 3.7. Proving that∫
U
|χϕ− χϕn|2(T + Tn)k goes to zero will give the lemma. We expand in the integral
and we obtain terms of the form
∫
U
|χϕ−χϕn|2T k−j ∧ T jn. We prove by indution on
j that we an nd a sequene ϕn ⇁ ϕ suh that the integrals
∫
U
|χϕ−χϕn|2T k−l∧T ln
goes to zero for l ≤ j. Theorem 3.5 applied to S = T k−1 gives for j = 0, that possibly
after taking a subsequene and a Cesàro mean, the integral
∫
U
|χϕ− χϕn|2T k goes to
zero. Assume the laim hold for j − 1, so we have a sequene ϕn ⇁ ϕ suh that the
integrals
∫
U
|χϕ−χϕn|2T k−l∧T ln goes to zero for l ≤ j−1. We write Tn = T +Tn−T
in
∫
U
|χϕ− χϕn|2T k−j ∧ T jn, so we get the sum:∫
U
|χϕ− χϕn|2T k−j ∧ (Tn − T ) ∧ T j−1n +
∫
U
|χϕ− χϕn|2T k−j+1 ∧ T j−1n .
The seond term of the right-hand side goes to zero by the laim for j− 1. Reall that
we all v and vn the potentials of T and Tn. Observe that by Stokes formula:∫
U
|χϕ− χϕn|2T k−j ∧ (Tn − T ) ∧ T j−1n =
−2
∫
U
(χϕ− χϕn)i∂(χϕ− χϕn) ∧ ∂¯(v − vn) ∧ T k−j ∧ T j−1n .
One again, using Cauhy-Shwarz inequality, we an bound the last term by:
2
(∫
U
|χϕ−χϕn|22(Tn+T )∧T k−j∧T j−1n
) 1
2
( ∫
U
i∂(vn−v)∧∂¯(vn−v)∧T k−j∧T j−1n
) 1
2
.
The rst term is bounded by lemma 3.5. For the seond one, observe that by a
standard argument of max onstrution, we an assume that there exists a onstant
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B depending only on the L∞ norm of the psh funtion v suh that the funtions v
and vn oinide with Bψ in a neighborhood W of ∂U that does not depend on n (e.g.
[Dem97℄ p. 170). So, by Stokes formula, the seond term is equal to:
−
∫
U
(vn − v)(Tn − T ) ∧ T k−j ∧ T j−1n .
That term is equal to − ∫
U
χ1(vn − v)(Tn − T ) ∧ T k−j ∧ T j−1n for χ1 a non negative
smooth funtion with ompat support on U and equal to 1 on U\W . And sine the vn
are uniformly bounded and dereasing to v, we know that (vn−v)(Tn−T )∧T k−j∧T j−1n
onverges to 0 in the sense of urrents by theorem 3.7 in [Dem97℄ p-170. That gives
the laim. The result follows for j = k. 
We want to dene funtions in W ∗ up to a pluripolar set, that is we want to nd a
representative of ϕ in W ∗ dened up to a pluripolar set. Suh a denition would not
be of muh interest if two suh representatives dier on a set bigger than pluripolar.
In order to prove that the denition of the representative is meaningful, we will need
the notion of pluri-ne topology. Reall that the pluri-ne topology is the oarsest
topology for whih the psh funtions are ontinuous (pluri-nely and pluri-ne will
refer to this topology). This topology is stritly ner than the usual topology. By
denition, omplete pluripolar sets are pluri-nely losed. For a Borel set E, we have
that capBT (E) =
∫
U
(ddcvE)
k
where vE is the extremal funtion assoiated to E. It is
dened by vE = (sup
{
u, u psh on U, u = −1 on E, u ≤ 0 on U})∗ where f∗ denotes
the upper semi ontinuous regularization of a funtion f . The funtion vE is psh, non
positive and equal to −1 on E apart from a pluripolar set [BT82℄. Let E ⊂ U be
a Borel set, and denote by E
f
its pluri-ne losure. Then capBT (E) = capBT (E
f
)
beause the extremal funtion of E and E
f
are equal by denition.
Proposition 3.10 Let f be a funtion whih is quasi-ontinuous for the Bedford-
Taylor apaity. Then it is pluri-nely ontinuous outside a pluripolar set.
Proof. Take f as above. By denition, for all n ≥ 1, there exists an open set Vn in U of
apaity less than n−1 suh that f is quasi-ontinuous on U\Vn. Considering ∩j≤nVj ,
we an assume that the sequene (Vn) is dereasing. By restrition, f is ontinuous on
the pluri-open set U\Vnf and we know from above that capBT (Vn
f
) ≤ n−1. Consider
the set P := ∩nVnf , it is pluripolar beause its apaity is equal to zero (it is less
than n−1 for all n). Then, the funtion f is pluri-nely ontinuous on its omplement
beause for x /∈ P , then x is in the pluri-nely open set U\Vnf for some n and it is
ontinuous there. 
Proposition 3.11 Let f be a funtion pluri-nely ontinuous outside a pluripolar set
and vanishing almost everywhere, then it vanishes outside a pluripolar set. In parti-
ular, two quasi-ontinuous representatives of a funtion are equal outside a pluripolar
set.
Proof. Let f be as above. Observe that pluri-nely open sets are either of positive
Lebesgue measure or empty. Indeed, we only have to hek that u−1({x > c}) is of
positive Lebesque measure or empty for u psh and c ∈ R. That is the ase by the
mean value inequality. In partiular, the pluri-nely open set {f 6= 0} is empty. The
rest of the proposition follows. 
We an now prove the quasi-ontinuity result.
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Theorem 3.12 Let ϕ ∈ W ∗ then there exists a representative of ϕ whih is quasi-
ontinuous for the Bedford-Taylor. In partiular, this representative is pluri-nely
ontinuous outside a pluripolar set and two suh representatives oinide outside a
pluripolar set.
Proof. Consider an inreasing sequene of open sets Vi ⋐ U with ∪iVi = U . Assume
that for all i we an nd a representative ϕ˜i of ϕ that is quasi-ontinuous on Vi. Sine
ϕ˜j is quasi-ontinuous on Vi for j ≥ i, we an remove a ountable union of pluripolar
sets on whih the dierent representatives do not oinide. That way, we an take a
representative ϕ˜ whih is quasi-ontinuous on all Vi. Then for ε > 0, ϕ˜ is ontinuous
on Vi\Gi where capBT (Gi) ≤ ε2−i. So ϕ˜ is ontinuous outside G = ∪Gi. Sine capBT
is subadditive, we have capBT (G) ≤ ε. Thus ϕ˜ is quasi-ontinuous on U . So it is
suient to prove that ϕ admits a representative that is quasi-ontinuous on a open
set V with V ⋐ U . Choose a smooth funtion χ with ompat support in U so that
V ⊂ {χ = 1}.
We prove that χϕ is quasi-ontinuous on U . The proof is in three steps. First we
assume that ϕ ∈ W ∗∞ ∩ L∞, then we extend the result to funtions in W ∗ ∩ L∞ and
nally we prove the general ase.
Step 1. By lemma 3.9, we hoose (ϕn) smooth, weakly onverging to ϕ ∈ W ∗∞ ∩ L∞
suh that
∫
U
|χϕ − χϕn|2(i∂∂¯u)k goes to zero uniformly in u. For α > 0, the sets
En :=
{|ϕn − ϕ| ≥ α} satises:
capBT (En) ≤ sup
1
πk
{ 1
α
∫
U
|χϕ− χϕn|2(i∂∂¯u)k, u psh, 0 ≤ u ≤ 1
}
,
sine πddc = i∂∂¯. Hene the sequene (capBT (En)) goes to zero. Taking a subse-
quene, we an assume that the sequene (ϕn) satises capBT ({|ϕn−ϕ| > 2−n−1}) <
2−n−1. So,
∑
n(χϕn+1−χϕn)+χϕ1 onverges uniformly outside the open set ∪n≥j{|ϕn−
ϕn+1| > 2−n}, whih is of BT-apaity less than 21−j (reall that the BT-apaity is
subadditive). That gives the rst step.
Step 2. Now, let ϕ ∈ W ∗ ∩ L∞ so there exists a psh funtion v < 0 suh that
i∂ϕ ∧ ∂¯ϕ ≤ i∂∂¯v. In order to simplify the notations, assume ‖ϕ‖L∞ ≤ 1. For N > 0,
let vN := sup(v,−N) and ϕN = N−1(N + vN )ϕ (that way, ϕN is equal to zero where
v < −N). We want to show that ϕN is in W ∗∞ ∩ L∞. Assume rst that ϕ and v are
smooth. We have the bound:
i∂ϕN ∧ ∂¯ϕN ≤ 2i
(
(
N + vN
N
)2∂ϕ ∧ ∂¯ϕ+ |ϕ|2∂(N + vN
N
) ∧ ∂¯(N + vN
N
)
)
.
By denition of ϕ, we have (1 + vN/N)
2i∂ϕ ∧ ∂¯ϕ ≤ (1 + vN/N)2i∂∂¯v and we have
(1 + vN/N)
2i∂∂¯v ≤ i∂∂¯vN . Indeed, it is immediate on the open sets {v > −N} and
the interior of {v ≤ −N} and sine the left-hand side is a ontinuous urrent, it does
not give mass to ∂{v ≤ −N} so the inequality holds in the sense of urrents. It implies
that:
i∂ϕN ∧ ∂¯ϕN ≤ 2i∂∂¯vN + 2
N2
i∂vN ∧ ∂¯vN .
Now 2i∂vN ∧ ∂¯vN ≤ i∂∂¯(vN +N)2, so ϕN is in W ∗∞ ∩ L∞ with a ontrol of the norm
depending only on N . More preisely, we have the bound ‖ϕN‖L∞ ≤ 1 and the urrent
satisfying (1) for ϕN has a potential taking values in [−2N, 2]. Taking a weak limit as
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in lemma 3.7, we dedue that ϕN is always in W
∗
∞ ∩ L∞ for ϕ in W ∗ ∩ L∞.
That denes a sequene (ϕN ) in W
∗
∞ ∩L∞ whih onverges weakly to ϕ in W ∗ ∩L∞.
Let E∞ = {v = −∞} and for eah n ∈ N, let Pn be the set of points where a xed
quasi-ontinuous representant ϕ˜n of ϕn is not dened. Let P := E∞ ∪ (∪nPn) so P
is pluripolar. Let x /∈ P . Then for N large enough, we have that x ∈ {v > −N}, so
extend the denition (whih we know stands a priori almost everywhere) of ϕ at x by:
ϕ˜(x) :=
N
N + vN (x)
ϕ˜N (x).
It is ruial here that ϕ˜(x) does not depend on the hoie of N . That is the ase
beause if N ≥ N ′ then the funtion:
gn :=
( N
N + vN
ϕ˜N − N
′
N ′ + v′N
ϕ˜N ′
)N ′ + v′N
N ′
is well dened and equal to:
ϕ˜N (x)
N(N ′ + v′N )
N ′(N + vN )
− ϕ˜N ′
whih is pluri-nely ontinuous outside a pluripolar set as produt and sum of funtions
pluri-nely ontinuous there. It vanishes almost everywhere so it vanishes outside a
pluripolar set by proposition 3.11. So removing a ountable union of pluripolar sets if
neessary, we an dene ϕ quasi-everywhere.
Now, for ε > 0, take N large enough so that capBT {v < −N} ≤ ε (see [BT82℄).
On {v ≥ −N} χϕ˜ is given by a funtion whih is quasi-ontinuous. That gives the
result for step 2.
Step 3. Let now be ϕ ∈ W ∗, it is suient to assume that ϕ ≥ 0 sine we an write
ϕ = ϕ+−ϕ−. Let N ∈ N, we dene ϕN by ϕN (x) = inf(ϕ,N) so ϕN ∈W ∗∩L∞ . By
Step 2, we know that ϕN is quasi-ontinuous, hene it is dened up to a pluripolar set
(we make the identiation between ϕN and one of its quasi-ontinuous representative).
Let j > 0, we remark that ϕN (x) = inf(ϕN+j(x), N) for almost every x, so it is true
outside a pluripolar set by proposition 3.11. As before, let P be the pluripolar set
onsisting of all the points where the dierent funtions ϕN are not well dened and
where the equalities ϕN (x) = inf(ϕN+j(x), N) do not hold. Let x /∈ P , we have
that (ϕN (x))N is an inreasing sequene onstant for N large enough, so we dened
ϕ(x) = limN ϕN (x). Let FN := ({ϕ ≥ N}∪P )∩supp(χ). Let χ1 be a smooth funtion
with ompat support in U suh that supp(χ) ⋐ {χ1 = 1}. Then capBT (FN ) → 0
sine for 0 ≤ u ≤ 1 a psh funtion:∫
FN
(i∂∂¯u)k ≤
∫
U
(
χ1ϕ
N
)2(i∂∂¯u)k,
and we an onlude by lemma 3.1 and theorem 3.5.
So χϕ is quasi-ontinuous on U\FN . Indeed, for ε > 0, takeN so that capBT (FN ) ≤
ε and take an open set UN in V suh that FN ⊂ UN with capBT (Un) ≤ 2ε (this is pos-
sible beause the Bedford-Taylor apaity is outer regular). Outside UN , χϕ = χϕN
whih is quasi-ontinuous. That onludes the proof. 
Sine we an take representatives dened up to a pluripolar set, from now on, ϕ
will denote a quasi-ontinuous representative of ϕ for the BT-apaity. Reall that
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a funtion in HS also admits a quasi-ontinuous representative for the apaity capS
and if E satisfy capBT (E) = 0 then capS(E) = 0 (see [FO84℄). So it is natural to ask
if χϕ is also a quasi-ontinuous representative of χϕ ∈ HS for all S as in theorem 3.5.
Lemma 3.13 Let S be as in theorem 3.5. Let ϕ denote a representative of an element
of W ∗ quasi-ontinuous on U . Then χϕ is also quasi-ontinuous for the apaity capS.
Proof We follow eah step of the previous proof and we hek at eah step that the
quasi-ontinuous representative for the BT-apaity we dened is also quasi-ontinuous
for the S-apaity.
The lemma holds for f ∈ W ∗∞ ∩ L∞ by theorem 3.5. Indeed, we an take a
subsequene and a Cesàro mean of the sequene (ϕn) of smooth funtions onverging
to ϕ so that it is strongly onverging to ϕ in HS . That gives the result by lemma A.9.
Now, for ϕ ∈W ∗ ∩ L∞, by onstrution of the quasi-ontinuous representative for
the Bedford-Taylor apaity, it is suient to hek that capS({v ≤ −N})→ 0 for v.
This is true sine, taking − log(−v) if neessary we an assume that v is in W ∗ (see
the rst example of setion 2.3) and then by theorem 3.5:
capS({v ≤ −N}) ≤
∫
U
i∂(
χv
N
) ∧ ∂¯(χv
N
) ∧ S ≤ (A
N
‖v‖∗)2.
And nally, for ϕ ∈ W ∗, it is suient to hek that capS({χϕ ≥ N}) → 0 whih is
lear by theorem 3.5 sine:
capS({χϕ ≥ N}) ≤
∫
U
i∂(
χϕ
N
) ∧ ∂¯(χϕ
N
) ∧ S ≤ (A
N
‖ϕ‖∗)2.
That onludes the proof. 
We an now prove the following result on pointwise onvergene whih will be useful
in proving ontinuity result for the apaity. It an be seen as a weak version of lemma
A.9:
Lemma 3.14 Let (ϕn)n be a sequene in W
∗
weakly onverging to ϕ in W ∗. Let
a ∈ R and let A be a Borel set suh that eah ϕn is equal to a on A\Hn where Hn is
a pluripolar set. Then ϕ is equal to a on A\H where H is a pluripolar set.
Proof. The result is loal so we only prove it on V ⋐ U with χ as above. We hoose
S as in theorem 3.5. Extrating and using a Cesàro mean, we an assume that the
sequene (χϕn) is strongly onverging on HS . So we an extrat a sequene onverging
outside a set of S-apaity zero by lemma A.9. Thus, by lemma 3.13, the result is true
on A minus a set of S-apaity equal to zero for all S. By [FO84℄, we know that suh
sets are exatly pluripolar sets. 
Now, for ϕ ∈ W ∗, we want to estimate the size of its Lebesgue set. Reall that
the Lebesgue set of a funtion is dened as the set of points where the mean value is
onverging. Let W be a pluri-ne neighborhood of x ∈ V and ψ a psh funtion in V
with ψ(x) 6= −∞, then it is an easy exerise that:
1
r2k
∫
B(x,r)\W
ψdλ→ 0,
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when r goes to zero (e.g. [Bre59℄ p.79). In partiular, a funtion ϕ ∈ W ∗ whih is pluri-
nely ontinuous at x suh that there are psh funtions ψ1 and ψ2 with ψ1 ≤ ϕ ≤ −ψ2
on V satises mB(x,r)(f)→ f(x) for all x suh that ψ1(x) and ψ2(x) are nite. So we
have the nie orollary:
Corollary 3.15 If a funtion f inW ∗ is bounded, then the omplement of its Lebesgue
set is pluripolar.
In order to extend this result to unbounded funtions, the only thing left in our ap-
proah is to show that every funtion in W ∗ an be loally bounded by two psh
funtions.
4 Funtional apaity
From now on, X is a ompat Kähler manifold, this ase was our primary motivation
in this work. We will explain in remark 4.8 how to extend the result in the loal ase.
We dedue from the above setion that an element ϕ in W ∗ admits a quasi-ontinuous
representative for the Bedford-Taylor apaity that we will still denote by ϕ. Reall
that a funtion is said to be quasi-psh (qpsh for short) if it is loally the sum of a
psh funtion and a smooth funtion, so it saties i∂∂¯u + Cω ≥ 0 for some C. The
Bedford-Taylor apaity an be generalized to ompat Kähler manifold by:
capω(E) = sup
{∫
E
(i∂∂¯u+ ω)k| u qpsh, i∂∂¯u+ ω ≥ 0, 0 ≤ u ≤ 1
}
.
We will use some of the results of [GZ05℄ in this setion, and we refer the reader to
[Dem92℄, [DS06b℄ and [GZ05℄ for basis on qpsh funtions. In partiular, the apaity
capω is omparable with capBT =
∑
capBT,Ui(E∩Ui) where (Ui)i≤M is a nite over-
ing of X by pseudoonvex open sets and capBT,Ui denotes the Bedford-Taylor apaity
of Ui (i.e. there is a A > 0 with (1/A)capBT ≤ capω ≤ AcapBT ). An important fat
is that the family {u qpsh| i∂∂¯u + ω ≥ 0 and u ≤ 0} is ompat for the L1 norm. A
set is globally pluripolar if it is ontained in the set {v = −∞} for some v qpsh on X .
It turns out that loally pluripolar sets are in fat globally pluripolar [GZ05℄, so we
will simply speak of pluripolar sets.
We will need an equivalent of Alexander apaity ([Ale81℄, see also [SW80℄) for
ompat Kähler manifolds whih was introdued in [DS06b℄ and developped in [GZ05℄.
For an open set U , we onsider the funtion:
VU,ω(x) := sup
{
u(x) qpsh| i∂∂¯u+ ω ≥ 0 and u = 0 on U
}
.
Then VU,ω is in fat qpsh, positive, zero on U and satises i∂∂¯u + ω ≥ 0. Then we
dene the apaity of an open set by:
Tω(U) := exp
(
− sup
X
(VU,ω)
)
.
The following estimate was proven in the loal ase in [AT84℄ and the same argument
gives:
Theorem 4.1 There is a A > 0 suh that for any open set U of X:
exp
[
− A
capω(U)
]
≤ Tω(U) ≤ e. exp
[
− 1
capω(U)
1
k
]
.
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Now, we want to introdue a funtional apaity similar to the lassial one (see the
appendix or [FZ73℄). For a Borel set E in X , we dene the set L(E) of W ∗ by
L(E) :=
{
ϕ ∈ W ∗, ϕ ≤ −1 a.e on some neighborhood of E, ϕ ≤ 0 on X
}
.
We dene the apaity C(E) of E by:
C(E) := inf
{
‖ϕ‖2∗| ϕ ∈ L(E)
}
For a apaity c, let c∗ be the inner apaity assoiated to c dened by c∗(E) :=
sup
{
c(K),K ompat, K ⊂ E} and c∗ the outer apaity assoiated to c dened by
c∗(E) := sup
{
c(U), U open, E ⊂ U}. The apaity is said to be inner regular if c = c∗
and outer regular if c∗ = c, nally a apaity is regular if it is both inner and outer
regular. By denition, the apaity C is outer regular. Sine ‖max(ϕ,−1)‖∗ ≤ ‖ϕ‖∗,
it is equivalent to take funtions equal to −1 on some neighborhood of E. We have
the following properties:
Proposition 4.2 The apaity C satises that:
1. for E ⊂ F ⊂ X, C(E) ≤ C(F ),
2. for (Ei)i a sequene of Borel sets in X, C(∪iE1) ≤
∑
iC(Ei),
3. for any E, one has C(E) ≤ 1.
4. for (Kn) a dereasing sequene of ompat sets, limC(Kn)→ C(∩Ki)
Proof. The rst item and the fourth item are lear.
For the seond one take (Ei)i a sequene of Borel sets in X and assume the sum∑
iC(Ei) onverges or there is nothing to prove. For eah i let ϕi be an element in
L(Ei) with C(Ei) ≥ ‖ϕi‖2∗ − 2−iε and hn = infi≤n ϕi. The sequene hn is dereasing.
Reall by formula (4) in setion 2.3 that ‖hn‖2∗ ≤
∑
i≤n ‖ϕ‖2∗ so we have the bound:
‖hn‖2∗ ≤
∑
i
C(Ei) + ε.
Taking a weak limit gives that h := limhn is in W
∗
with ‖h‖2∗ ≤
∑
i C(Ei) + ε. Sine
h ∈ L(∪iEi) and ε is arbitrary, the assertion follows.
The item 3 is obtained for ϕ := 1 ∈ L(E). 
We now state one of our main result that shows that the apaity C haraterizes
pluripolar sets.
Theorem 4.3 There exists a onstant B > 0 suh that for all Borel set E, we have
capω(E) ≤ BC(E). In partiular, C(E) = 0 if and only if E is pluripolar.
Proof. The rst assertion is a restating of the results of theorem 3.5. We dedue that
C(E) = 0 implies that E is pluripolar beause its BT-apaity is zero. Now, let E
be a pluripolar set in X so there exists a qpsh funtion in X with E ⊂ ϕ−1(−∞).
Subtrating a onstant if neessary, we an onsider ψ = − log(−ϕ) whih is in W ∗
with the same poles set as ϕ (see the rst example of setion 2.3). Sine ψ is upper
semi ontinuous and non positive, taking −ψ/N for N large enough, gives C(E) ≤ ε
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for any ε > 0. The proposition follows. 
The previous result is a generalization of the ase of Riemann surfaes where polar
sets are sets of apaity equal to zero. The following proposition shows that capω and
C denes equivalent apaities.
Proposition 4.4 There exists a ontinuous funtion g : R+ → R+ with g(0) = 0 suh
that C ≤ g(capω). So funtions in W ∗ are quasi-ontinuous for the funtional apaity
C.
Proof. Consider an open set U suh that capω(U) ≤ ε for ε small. We know that the
funtion fU := (VU,ω−maxX VU,ω)/maxX VU,ω is equal to −1 on U with −1 ≤ fU ≤ 0
and i∂∂¯fU + ‖VU,ω‖−1∞ ω ≥ 0 and we have:
i∂fU ∧ ∂¯fU = −fU i∂∂¯fU + 1
2
i∂∂¯(f2U )
≤ i∂∂¯fU + ω
maxX VU,ω
+
1
2
i∂∂¯(f2U ).
The right-hand side is a positive losed urrent of mass (maxX VU,ω)
−1
. By theorem
4.1, it goes to zero with ε. Sine the set {u qpsh| i∂∂¯u+ω ≥ 0 and u ≤ 0} is ompat
for the L1 norm, we also have that ‖fU‖22 goes to zero with ε. That gives the propo-
sition sine if (Un) is a sequene of open set with capω(Un)→ 0 then C(Un)→ 0. 
We now want to show the ruial property C(∪Ei) = limC(Ei) for Ei an inreasing
sequene of Borel sets. So C is a Choquet apaity. This is interesting beause Choquet
apaities are regular (see [Cho55℄, theorem 1). For this, we will need an alternative
desription of the apaity C that uses the fat that the elements of W ∗ are dened
up to a pluripolar set.
Theorem 4.5 For a Borel set E, we have that
C(E) = inf
{
‖ϕ‖2∗, ϕ ≤ 0, ϕ ≤ −1 on E\Hϕ, Hϕ pluripolar
}
.
In partiular, if Ei is an inreasing sequene of Borel sets, then:
C(∪Ei) = limC(Ei).
Thus C is a Choquet apaity.
Proof. For a Borel subset E, we denote by C′(E) the quantity:
C′(E) := inf
{
‖ϕ‖2∗, ϕ ≤ 0, ϕ ≤ −1 on E\Hϕ, Hϕ pluripolar
}
.
Clearly, we have C′(E) ≤ C(E) so we only need to prove the other inequality. For
that, let ϕ ∈ W ∗ be a non positive funtion, less than −1 on E\H where H is a
pluripolar set, suh that ‖ϕ‖2∗ ≤ C′(E) + ε1. We want to slightly modify ϕ so that
it is in L(E). Adding εψ, with ε small, where ψ is a qpsh funtion equal to −∞ on
H and taking max(ϕ+ εψ,−1) we an assume that H = ∅. Now, let ε2 > 0 be suh
that ϕ is ontinuous on the omplement of some open set U with C(U) ≤ ε2. Let ϕU
be in L(U) with ‖ϕU‖∗ ≤ 2ε2. Now, we onsider ϕ′ := (1 + α)min(ϕ, ϕU ) for α > 0.
We have that ϕ ≤ −1/(1 + α) on some open neighborhood W of E\U in the indued
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topology of X\U (that is W = W ′\U where W ′ is an open set of X). So ϕ′ is less
than −1 on the open set V = U ∪W , so it is less than −1 on some neighborhood of E.
We let α, ε1, and ε2 go to zero, and we dedue that C(E) = C
′(E). That onludes
the rst assertion.
For the seond assertion, we show that C(∪Ei) ≤ limC(Ei) (the other inequality is a
onsequene of the rst item of proposition 4.2). For eah i, let ϕi ≤ 0, with ϕi = −1
on E\Hϕi where Hϕi is pluripolar, suh that ‖ϕi‖2∗ ≤ C(Ei) + 1/i. Sine C ≤ 1, the
sequene (ϕi) is bounded in W
∗
and we an extrat a subsequene weakly onverging
in W ∗. We apply lemma 3.14 for a = −1 and A = Ei, we obtain that the limit ϕ is
equal to −1 on eah Ei (apart from some pluripolar set) and ‖ϕ‖∗ ≤ lim ‖ϕi‖∗. That
gives the proposition. 
We also have the following desription of C:
Corollary 4.6 For all Borel set E, there exists an element uE ≤ 0 equal to −1 on
E\H where H is pluripolar with ‖uE‖2∗ = C(E).
Proof. Take (un) a sequene in L(E) with ‖un‖2∗ → C(E) and apply lemma 3.14 to
E. 
Remark 4.7 It is not lear if suh an extremal funtion is unique. It would also be
interesting to know if the extremal funtion is qpsh or semi-ontinuous.
Remark 4.8 In the loal ase, we an in the same way dene the apaity C. We
show in the same way that it is a Choquet apaity for whih the sets of zero apaity
are exatly the pluripolar sets. The only dierene is that we do not have that C and
capBT are omparable. But by [AT84℄, we an prove that they are loally omparable
(it is the same argument as the one in the proof of proposition 4.4). In partiular,
the funtions in W ∗ are loally quasi-ontinuous and the argument at the beginning
of the proof of theorem 3.12 shows that if a funtion is loally quasi-ontinuous for a
subadditive apaity then it is quasi-ontinuous. In partiular, the elements ofW ∗ are
quasi-ontinous for the funtional apaity C whih is a Choquet apaity.
Now, we onsider the set M∞ of positive Radon measures bounded for the norm ‖.‖∗
on the spae of smooth funtions. That is µ ∈ M∞ if µ is a positive Radon measure
suh that there exists a onstant A suh that | ∫ fdµ| ≤ A‖f‖∗ for all f smooth. We
put on M∞ the operator norm ‖.‖′ (that is the inmum of the A above).
Let E be a Borel set, we dene the apaity:
cap′(E) := sup
{
µ(E)2, µ ∈M∞, ‖µ‖′ ≤ 1
}
.
Observe that this set funtion denes an inner apaity. Reall the notation L(E) =
{ϕ ∈ W ∗, ϕ ≤ −1 a.e on some neighborhood of E, ϕ ≤ 0 on X}. We have the
following proposition:
Proposition 4.9 Let E be a Borel subset of X, then:
cap′(E) ≤ C(E).
23
Proof. It is suient to prove the inequality for E ompat. For any µ ∈ M∞ with
‖µ‖′ ≤ 1 and f in L(E), we dene 〈µ, f〉 := ∫ fdµ. Sine µ is a positive Radon measure
and E is ompat, we know that:
µ(E) = inf
{
〈µ,−f〉, f ∈ L(E)
}
.
By denition, for µ ∈M∞ and f ∈ L(E), we have 0 ≤ 〈µ,−f〉 ≤ ‖f‖∗. So we dedue
from the previous inequality that µ(E)2 ≤ C(E). Taking the supremum over all the
measures µ in M∞ with ‖µ‖′ ≤ 1 gives the result. 
Remark 4.10 For Sobolev spaes, the funtional apaity and its dual apaity o-
inide [AH96℄. It would be interesting to know if it is true here (this question is likely
linked to the study of uE).
Proposition 4.11 Let µ ∈ M∞, then µ does not harge pluripolar sets. For a Borel
set E, cap′(E) = 0 if and only if E is pluripolar.
Proof. The rst part is already in [DS06a℄ the seond one follows from above. 
A Dirihlet spae for a positive losed urrent
The results in this appendix are adaptated from [Den65℄ and [Oka82℄.
A.1 General setting
Let U be a bounded open subset of Ck with smooth boundary. Let S be a positive
losed urrent of bidimension (1, 1) (we do not assume that S is of nite mass). We
onsider the quotient of the spae of smooth forms by the kernel of the nonnegative
bilinear form 〈u, v〉S := Re
∫
U
i∂u∧ ∂¯v∧S. Let HS be the ompletion of that quotient
for the orresponding norm ‖.‖S. It is a Hilbert spae. Dene by µ := i∂∂¯‖z‖2 ∧ S
the trae measure of S.
By lemma 3.1 and the Cauhy-Shwarz inequality, there is a ontinuous inlusion
from HS into L
2(µ) hene from HS into L
1
loc(µ) (for V ⋐ U , then ϕ 7→ ϕ from
HS(V ) → L1(V ) is ontinuous). Let E ⊂ U be a Borel set. Dene:
L(E) :=
{
ϕ ∈ HS , ϕ ≤ 0, ϕ ≤ −1 a.e on a neighborhood of E
}
.
We dene the apaity capS(E) by:
capS(E) := inf
{
‖ϕ‖2S, ϕ ∈ L(E)
}
,
if L(E) is non empty, else we dened capS(E) := +∞.
Proposition A.1 The following assertions hold:
1. For E ⊂ F , capS(E) ≤ capS(F ).
2. For (Ei) a sequene of Borel subsets of U ,
capS(∪Ei) ≤
∑
capS(Ei).
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3. For (Ki) a dereasing sequene of ompats,
lim capS(Ki) = capS(∩Ki).
4. For E1 ⊂ E2 ⊂ · · · an inreasing sequene of Borel subsets of U ,
capS(∪Ei) = lim
i→∞
capS(Ei).
Thus capS denes a Choquet apaity.
Proof. The rst and third assertions are lear. For the seond assertion, we an restrit
ourselves to the ase where
∑
capS(Ei) is bounded. For all i, let ϕi be in L(E) suh
that capS(Ei) ≥ ‖ϕi‖2S − 2−iε. Dene ψn := infi≤n ϕi, then we have that
‖ψn‖2S ≤
∑
i≤n
‖ϕi‖2S ≤
∑
i
capS(Ei) + ε.
It is the same argument as in the proof of formula (4) in setion 2.3: we prove the
inequality ‖ infi≤n ϕi‖2S ≤
∑
i≤n ‖ϕi‖2S for smooth funtions using a regularization of
the funtions max and min and we extend it to HS next. Taking a weakly onverging
subsequene in HS , we have a non positive funtion ψ ∈ HS less than −1 in a neigh-
borhood of ∪Ei with ‖ψ‖2S ≤
∑
i capS(Ei) + ε.
There are several proofs for the fourth assertion. We follow the one in [FZ73℄. It
relies on a geometri property of the norm ‖.‖S that does not exist for W ∗. Namely,
following the proof of formula (4) in setion 2.3, we have for u and v in HS that
sup(u, v) and inf(u, v) are in HS with:
‖ sup(u, v)‖2S + ‖ inf(u, v)‖2S = ‖u‖2S + ‖v‖2S.
We restrit ourselves to the ase where the sequene (capS(Ei))i is onvergent. For
all i ≥ 0, let ui be suh that ‖ui‖2S ≤ capS(Ei) + εi with ui ∈ L(Ei) and
∑
εi = ε.
Dene vn = infi≤n vi. Observe that: vn = inf(vn−1, un), ‖vn‖2S ≥ capS(En) and
‖ sup(vn−1, un)‖2S ≥ capS(En−1). So:
‖vn‖2S + capS(En−1) ≤
∫
U
i∂ inf(vn−1, un) ∧ ∂¯ inf(vn−1, un) ∧ S
+
∫
U
i∂ sup(vn−1, un) ∧ ∂¯ sup(vn−1, un) ∧ S
≤
∫
U
i∂vn−1 ∧ ∂¯vn−1 ∧ S +
∫
U
i∂un ∧ ∂¯un ∧ S
≤ ‖vn−1‖2S + capS(En) + εn
Adding all these expressions from 1 to n (with ‖h1‖2S ≤ capS(E1) + ε1 for n = 1), we
get:
‖vn‖2S ≤ capS(En) +
∑
εi ≤ lim capS(Ei) + ε.
We onlude by taking a weak limit of (vn). 
Proposition A.2 Let u ∈ HS. Then u is quasi-ontinuous: it admits a representative
u˜ suh that for every ε > 0 there exists an open subset Ωε with capS(Ωε) ≤ ε and u˜
restrited to U\Ωε is ontinuous.
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Proof. By denition of HS , there is a sequene of smooth funtions (un) in HS
onverging to u in HS . We an suppose that ‖un − un+1‖2S ≤ 2−n. Let u˜ :=
limum = um +
∑
l>m(ul+1 − ul). Then, this series onverges uniformly on the
losed set Em := ∩l>m{|ul+1 − ul| ≤ l−2}. So u˜ is ontinuous there. Consider
vm := −
∑
l>m l
2|ul+1 − ul|, it is less than −1 on Ωm := U\Em and it is in HS .
This gives the result for m large enough. 
Remark A.3 The previous proof is a simple onsequene of the fat that smooth
funtions are dense in HS . Proving a similar result in the ase of W
∗
is a main
diulty of this paper.
Reall that for u ∈ HS , the urrent θ 7→ 〈i∂∂¯u ∧ S, θ〉 := −〈u, θ〉S is well dened.
Denition A.4 A funtion ϕ is S-subharmoni if i∂∂¯ϕ∧S is a positive Radon mea-
sure on U .
For E ⊂ U with capS(E) 6= ∞, the inmum in the denition of capS(E) is reahed
for a unique element uE in HS . That is capS(E) = ‖uE‖2S . Furthermore, uE is equal
to −1 on the interior of E, it is S-subharmoni on U and S-harmoni on any open set
in U\E. The following lemma is useful:
Lemma A.5 Let ϕ ∈ HS and let u be an S-subharmoni funtion in HS with ϕ ≤ u.
Then ‖u‖S ≤ ‖ϕ‖S.
Proof. Let θ := u− ϕ ≥ 0. So 〈i∂∂¯u ∧ S, θ〉 ≥ 0. That means, by denition:
−〈u− ϕ, u〉S ≥ 0.
That is to say 〈u, u〉S ≤ 〈ϕ, u〉S . By Cauhy-Shwarz inequality, that gives ‖u‖2S ≤
‖u‖S‖ϕ‖S and the result follows. 
A.2 Potentials
Let B be the set of funtion in L∞(µ) with ompat support in U . For f ∈ B, we have
that u 7→ ∫
U
fudµ is a ontinuous linear form on HS . Thus there exists an element U
f
suh that for all u ∈ HS ,
∫
U
fudµ = 〈Uf , u〉S. Let P be the losure of the elements
Uf with f non negative; P is a losed onvex one in HS (the one of potentials). Let
V be an open set in U , dene P (V ) to be the losure in HS of the elements U
f
where
f ∈ B is non-negative with support in V .
Proposition A.6 Let u ∈ HS, then the following properties are equivalent:
1. u ∈ P (V ).
2. For all v ∈ HS, v ≥ 0 on V , then 〈v, u〉S ≥ 0, or equivalently ‖v + u‖S ≥ ‖u‖S.
In partiular, uV is in P (V ).
Proof. Let u = Uf for some positive f ∈ B with support in V and let v ∈ HS , v ≥ 0
on V . Then 〈v, u〉S = 〈v, Uf 〉S =
∫
vfdµ ≥ 0. By density, we onlude for the rst
impliation.
On the other hand, let u be suh that 〈v, u〉S ≥ 0 for all v ∈ HS , v ≥ 0 on
V . Let u′ be its projetion on P (V ), it is haraterized by 〈u′, u′〉S = 〈u, u′〉S and
〈u′, h〉S ≥ 〈u, h〉S for all h ∈ P (V ). Thus, 〈u′, v〉S ≥ 〈u, v〉S , for v = Uf with
26
f ∈ B positive, with support in V . That means u′ ≥ u µ-a.e in V . Now, we have
‖u′−u‖2 = 〈u′, u′−u〉S−〈u, u′−u〉S = −〈u, u′−u〉S ≤ 0. So u′ = u and u is in P (V ). 
Let P 1(V ) be the losure of the elements Uf with f ∈ B positive, with support in V ,
satisfying
∫
fdµ = 1. It is a losed onvex set in H , empty if and only if µ(V ) = 0.
We give an alternate desription of the apaity.
Proposition A.7 Let V be an open set, then we have the equality:
• capS(V ) = 0 if P 1(V ) = ∅;
• capS(V ) = 1infu∈P1(V ) ‖u‖2S if P
1(V ) 6= ∅.
Furthermore in the ase where capS(V ) is nite, uV = 0 if µ(V ) = 0, else uV =
−v/‖v‖2S where v is the element of minimal norm in P 1(V ).
Proof. We assume µ(V ) > 0, so P 1(V ) is not empty. Let v be its element of minimal
norm: v satises 〈v, Uf − v〉S ≥ 0 for all f ∈ B positive, with support in V satisfying∫
fdµ = 1. So v(x) ≥ ‖v‖2S µ-a.e on V .
If capS(V ) = +∞ then L(V ) is empty (i.e. there is no element ≥ 1 on V ). That
means ‖v‖S = 0 hene (inf
{‖u‖2S, u ∈ P 1(V )})−1 = +∞.
Assume, cap(V ) is nite, then uV exists and satises for f above 〈−uV , Uf〉S =∫ −uV fdµ = 1. So this inequality stands for v: 〈v,−uV 〉S = 1. It implies v 6= 0 and so
(inf
{‖u‖2S, u ∈ P 1(V )})−1 is nite. Set w := −v/‖v‖2S. We have w ≤ −1 on V . From
above, we dedue by Cauhy-Shwarz inequality that ‖w‖2S ≤ ‖uV ‖2S . So w = uV by
uniity of the element of minimum norm of L(V ). 
We an now prove a result that allows us to really dene pointwise values for the
funtions in HS up to a set of zero apaity.
Theorem A.8 Let u ∈ HS be quasi-ontinuous, suh that u ≤ 0 µ-a.e. Then, u ≤ 0,
quasi-everywhere.
Proof It is suient to show that the sets Eα = {x| u(x) > α > 0} are of zero
apaity. Assume it is false, and hoose α so that capS(Eα) > 0. Let V be an open
set of apaity < capS(Eα) suh that u is ontinuous on U\V . The set Ω = Eα ∪ V
is open beause by ontinuity Eα ∩ (U\V ) := {x ∈ U\V |u(x) > α > 0} is an open
set for the indued topology. Its apaity is strily greater than capS(V ). From the
previous proposition, there is a funtion g ∈ B positive, satisfying ∫ gdµ = 1 with
support in Ω, suh that ‖Ug‖2 ≤ 1capS(Ω) + ε, where ε > 0 an be taken arbitrarily
small. Furthermore:∫
V
gdµ ≤ −
∫
guV dµ ≤ ‖uV ‖S‖Ug‖S ≤
√
capS(V )
√
1
capS(Ω)
+ ε,
and this last quantity is less than 1 for ε small enough. Thus:∫
Eα\V
gdµ =
∫
Ω
gdµ−
∫
V
gdµ > 0,
a ontradition. 
As in the proof of proposition A.2, we obtain the following pointwise onvergene
result:
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Lemma A.9 Let (un) be a strongly onverging sequene in HS, then we an extrat
a subsequene that onverges outside a set of S-apaity zero.
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